A note on connectivity of splitting matroids by Dhotre, S. B. & Malavadkar, P. P.
ar
X
iv
:1
80
9.
10
59
2v
1 
 [m
ath
.C
O]
  2
7 S
ep
 20
18 A note on connectivity of splitting matroids
S. B. Dhotre
Department of Mathematics
Savitribai Phule Pune University, Pune-411007 (India)
E-mail: dsantosh2@yahoo.co.in
and
P. P. Malavadkar
Department of Mathematics
MIT World Peace University, Pune-411038 (India)
E-mail: prashant.malavadkar@mitwpu.edu.in
Abstract
Fleischner introduced the idea of splitting a vertex of degree at least
three in a connected graph and used the operation to characterize Eu-
lerian graphs. Raghunathan et. al. extended the splitting operation
from graphs to binary matroids. It has been studied that splitting op-
eration, in general, may not preserve the connectedness of the binary
matroid. Interestingly, it is true that the splitting matroid of a discon-
nected matroid may be connected. In this paper, we characterize the
binary disconnected matroids whose splitting matroid is connected.
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1 Introduction
Fleischner [2] introduced the idea of splitting a vertex of degree at least three
in a connected graph and used the operation to characterize Eulerian graphs.
In fact Fleischner [2] proved the following result concerning the connectedness
of a connected graph after splitting operation.
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Lemma 1.1. (Splitting Lemma) : Let G be a connected bridgeless graph.
Suppose v ∈ V (G) with d(v) > 3 and x, y, z are the edges incident at v. Form
the graph Gx,y and Gx,z by splitting away the pairs x, y and x, z respectively,
and assume x and z belong to different blocks if v is a cut vertex of G. Then
either Gx,y or Gx,z is connected and bridgeless.
Raghunathan, Shikare and Waphare [6] extended the splitting operation
from graphs to binary matroids. This operation is defined for a pair of
elements of a binary matroid in the following way:
Definition 1.2. Let M be a binary matroid on a set E and A be a matrix
over GF (2) that represents the matroid M . Consider elements x and y of
M . Let Ax,y be the matrix that is obtained by adjoining an extra row to A
with this row being zero everywhere except in the columns corresponding to
x and y where it takes the value 1. Let Mx,y be the matroid represented by
the matrix Ax,y. We say that Mx,y is obtained from M by splitting the pair
of elements x and y. Moreover, the transition from M to Mx,y is called the
splitting operation. The two elements x and y of the matroid Mx,y are now
in series.
Lemma 1.3. [6]. Let M be a binary matroid and x, y ∈ E(M). Then
(i) Mx,y = M if and only if x and y are in series in M ;
(ii) x and y are in series in Mx,y;
(iii) if x and y are not in series in M then, r′(Mx,y) = r(M) + 1, where r
and r′ are rank functions of M and Mx,y, respectively; and
(iv) for any X ⊆ E(M), r(X) ≤ r′(X) ≤ r(X) + 1.
Lemma 1.4. [4]. Let M be a binary matroid and let x, y ∈ E(M). If C∗ is
a cocircuit of M containing both x and y with |C∗| ≥ 3, then C∗ − {x, y} is
a cocircuit of Mx,y.
Shikare, Azadi and Waphare [10] further generalized this operation and
defined the splitting operation for arbitrary set of elements in a binary ma-
troid. The generalized operation is defined in the following way.
Definition 1.5. Let M = M [A] be a binary matroid with ground set E
and suppose X is a subset of E. Let AX be the matrix obtained from A by
adjoining an extra row to A with this row being zero everywhere except in
the columns corresponding to the elements of X where it takes the value 1.
The splitting matroid MX is defined to be the vector matroid of the matrix
AX . The transition from M to MX is called a generalized splitting operation.
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Let M be a matroid and X ⊂ E(M). We assume that M is loopless and
coloopless. The set of circuits of M is denoted by C(M). We call a circuit
of M as an OX-circuit if it contains an odd number of elements of the set
X . Using Definition 1.5, Shikare, Azadi and Waphare [10] characterized the
circuits of the splitting matroid MX .
Lemma 1.6. Let M be a binary matroid on E and suppose X ⊆ E. Then
C(MX) = C0∪ C1 where
C0 = {C ∈ C(M) | C contains an even number of elements of X }; and
C1 = The set of minimal members of {C1∪C2 | C1, C2 ∈C(M), C1 ∩C2 = φ
and each of C1 and C2 is an OX-circuit such that C1 ∪C2 contains no
member of C0}.
In the following lemma, Shikare, Azadi and Waphare [10] characterized
the rank function of the matroid MX in terms of the rank function of the
matroid M .
Lemma 1.7. Let r and r′ be the rank functions of the matroids M and MX ,
respectively. Suppose A ⊆ E(M). Then
r′(A) = r(A) + 1 if A contains an OX-circuit of M ; and (1.1)
= r(A) if A contains no OX-circuit of M . (1.2)
The concept of n-connection for matroids was introduced by W. T. Tutte
based upon the corresponding idea for graphs (see [13]). The splitting op-
eration, in general, does not preserve the connectedness of the binary ma-
troid. Several results concerning splitting operation have been explored in
[1, 4, 8, 9].
In the next result Shikare [8] provided a sufficient condition for the split-
ting operation to yield a connected binary matroid from a 4-connected binary
matroid.
Theorem 1.8. Let M be a 4-connected binary matroid with |E(M)| ≥ 9 and
let x, y be distinct elements of M . Then Mx,y is connected binary matroid.
Borse and Dhotre [1] strengthened Shikare’s result by proving that Mx,y
is connected for every x, y ∈ E(M) whenever M is connected and vertically
3-connected with cogirth at least 4 and girth at least 3.
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Theorem 1.9. Let M be a connected and vertically 3-connected binary ma-
troid and x, y be distinct elements of M . Suppose that every cocircuit Q of M
containing x, y is of size at least 4 and further, Q does not contain a 2-circuit
of M . Then Mx,y is connected binary matroid.
The following result provides a necessary condition for a matroid to be
n-connected (see [5]).
Lemma 1.10. If M is an n-connected matroid and |E(M)| ≥ 2(n− 1) then
all circuits and all cocircuits of M have at least n elements.
The generalized splitting operation on a connected binary matroid, in
general, may not yield a connected binary matroid. If M is a connected
binary matroid and |X| < 2 then X will be a cocircuit of MX of size less
than 2 (see [4]). Therefore, by Lemma 1.10, MX is not connected. In the
following Theorem, Malavdkar et.al [3] characterized n-connected binary ma-
troids which yields n-connected binary matroids under generalized splitting
operation.
Theorem 1.11. Let M be an n-connected and vertically (n + 1)-connected
binary matroid, n ≥ 2, |E(M)| ≥ 2(n− 1) and girth of M is at least n + 1.
Let X ⊂ E(M) with |X| ≥ n. Then MX is n-connected if and only if for
any (n− 1)-element subset S of E(M) there is an OX-circuit C of M such
that S ∩ C = φ.
2 Disconnected Binary Matroids and the Split-
ting Operation
It has been studied that the splitting matroid of a binary connected matroid
need not be connected. Interestingly, it is true that the splitting matroid
of a disconnected matroid may be connected. In the following lemma, we
characterize those binary disconnected matroids whose splitting matroid is
connected.
Lemma 2.1. Let M be a binary disconnected matroid, the elements x, y ∈
E(M) and x , y are not in a 2-cocircuit of M . Then Mx,y is connected if and
only if M has exactly two components each of which contains either x or y.
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Proof. Suppose that Mx,y is connected. Let D be a component of M such
that D ∩ {x, y} = φ. Let z ∈ D and C be a circuit in Mx,y containing z and
x. But then y ∈ C. Therefore, either C is a circuit of M or it is the union
of two disjoint circuits Cx and Cy (where Cx is a circuit containing x but
not y and Cy is a circuit containing y but not x and Cx ∪ Cy contains no
circuit of M containing both x, y or neither or a circuit of M , Cxy containing
both x, y. Thus, we get a circuit in M containing z and one of the x and
y. Thus x or y is in D, a contradiction to the fact that D ∩ {x, y} = φ.
Further, if x ∈ D1, y ∈ D2 and there exists another component D3 such that
D3 6= D1 6= D2. But then either x or y ∈ D3. This means either D3 = D1 or
D3 = D2. This implies that M has at most two components.
Conversely, if x ∈ D1, y ∈ D2 and D1, D2 are two components of M .
Then, by Lemma 2.5 of [8], Mx,y is connected.
Lemma 2.2. Let D1, D2, D3, · · · , Dt−1, Dt be components of a matroid M .
Then r(D1) + r(D2) + r(D3) + · · ·+ r(Dt−1) + r(Dt) = r(M).
Proof. Let Bi be the basis of Di. Since there is no circuit containing one
element of Di and one element of Dj, i 6= j, Bi ∪ Bj is an independent set
of M . Thus, B = B1 ∪ B2 ∪ B3 ∪ · · · ∪ Bt−1 ∪ Bt is independent set in M .
Let e ∈ E(M). Then B ∪ e is not independent, as Bk ∪ e contains a circuit
C of M for some k ∈ {1, 2, ..., t− 1, t} and so C is a circuit in B ∪ e. Hence
B is maximal independent set. That is, B is a basis of M .
Therefore, r(M) = r(B1 ∪B2 ∪ B3 ∪ · · ·Bt−1 ∪Bt)
= |B1 +B2 +B3 + · · ·+Bt−1 +Bt|
= |B1|+ |B2|+ · · ·+ |Bt−1|+ |Bt|
= r(D1) + r(D2) + r(D3) + · · ·+ r(Dt−1) + r(Dt)
Lemma 2.3. Let M be a connected matroid and x, y ∈ E(M). Suppose x is
not parallel to y. If M \ {x, y} is connected, then Mx,y is connected.
Proof. Let D = M \ {x, y}. Then D is connected. Now M \ {x, y} =
Mx,y \ {x, y} and D is contained in a component of Mx,y. If there exists a
circuit of M containing x and y, then it is preserved in Mx,y. Since x and
y are not parallel, there is a circuit containing x and y that intersects D.
Hence, D and x, y must belong to same component of Mx,y. That is Mx,y
has only one component. Thus Mx,y is connected.
Remark 2.4. If x is parallel to y, andM andM \{x, y} are connected, Mx,y
need not be connected.
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We have given the following example to show this.
Consider the cycle matroid M(G) of graph G shown in Figure 1. We
know that the matroid M(G) with at least 2 elements is connected if G is
2-connected and (M(G))x,y =M(Gx,y).
In Figure 1, G−{x, y} is 2-connected but Gx,y is not 2-connected. Hence
M(Gx,y) is not connected.
Definition 2.5. Let M be a matroid and x, y ∈ E(M) then x and y are in
series if x and y form a 2-cocircuit
Remark 2.6. The converse of the above Lemma is not true. The splitting
matroid Mx,y of M is connected though M \ {x, y} is not connected. Con-
sider the cycle matroid M(G) of graph G shown in Figure 2. The graphs
corresponding to (M(G))x,y and (M(G) \ {x, y} are Gx,y and G − {x, y},
respectively .
In Figure 2, G − {x, y} is disconnected while Gx,y is 2-connected. The
graphs G and Gx,y are isomorphic follows from the facts that (M(G))x,y =
M(Gx,y) and x, y are in series in M(G).
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